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ABSTRACT
Motivated by the recent determinations of the Hubble constant (H0) from
observations of Cepheid variables in NGC4571 and M100, we plot the Tinsley
diagram with level curves of the cosmological constant (Λ). Based on current
estimates of the absolute ages of globular clusters we conclude that Λ > 0 and,
irrespective of the background spatial curvature, the universe will not recollapse.
These conclusions hold for both relativistic and Newtonian models and are
independent of the density parameter.
Subject headings: cosmology, theory
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1. Introduction
Tinsley’s modification of the Robertson diagram (Tinsley (1967)), the plot of
H0t0 vs. log(Ω0/2), where t0 is the age of the universe and Ω0 the current density parameter,
allows us to limit the cosmological parameters simply because t0 must be greater than the
oldest observed objects. (See, for example Rindler (1977) for an introduction.) In view
of the recent determinations of H0 from the direct observations of Cepheid variables in
NGC4571 (Pierce et al. (1994)) and M100 (Freedman et al. (1994)) in the Virgo cluster
it would seem an appropriate time to reexamine the Tinsley diagram. In this Letter we
construct the diagram based on a relativistic model consisting of a non-interacting mixture
of dust and blackbody radiation. (This is known to be an excellent approximation to a
baryon-conserving equilibrium mixture of blackbody photons and a neutral relativistic
Maxwell-Boltzmann gas for an initial f(≡ nγ/nb, photon to baryon number density ratio) >
100 which is most certainly the case. Other (non-baryonic) species are handled analogously.)
2. Construction of the Diagram
2.1. Relativistic model
Friedmann’s equation for the evolution of a separately conserved distribution of dust
and blackbody radiation gives rise to the relation
ht0 ∝
∫
1
0
wdw√
λw4 + (1− λ)w2 − (Ω0 + τ0)w2 + Ω0w + τ0
(1)
where h, λ, Ω0, and τ0 are dimensionless parameters. We measure t0 in units of 10 Gyr.
The proportionality constant turns out to be 1/1.02. (In what follows we display three
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significant figures). The parameters are defined by
h = H0/100 (2)
where H0 is in km s
−1 Mpc−1, and
λ = 2.85 1055 Λ/h2 (3)
where Λ is in cm−2. τ0 is defined by
τ0 = 32πGcσT
4
0 /3H
2
0 (4)
where σ is the Stephan-Boltzmann constant, G is Newton’s constant, T0 is the current
background temperature, and c is the speed of light. We find
τ0 = 2.38 10
−5/h2. (5)
Ω0 is defined by
Ω0 = 320ζ(3)GT
3
0 (me +mp)σ/π
3fckH20 (6)
where ζ is Riemann’s function, k is Boltzmann’s constant, and me and mp give the electron
and proton masses. We find
Ω0 = 3.56 10
7/fh2. (7)
The spatial curvature of the background is determined by ǫ where
sign(ǫ) = sign(Ω0 + τ0 + λ− 1). (8)
We have relegated the deceleration parameter q0 to a supplementary role. It is determined
by the relation
q0 = Ω0/2 + τ0 − λ. (9)
For other number-conserving massive particle species which can be treated as dust, we
replace f by nγ/n and me +mp by m with n ≡ Σsns and m ≡ Σsms where we sum over all
particle species. Whereas the inclusion of non-baryonic species changes the interpretation
of f and the numerical coefficient in relation (7), the actual value of Ω0 does not enter the
arguments which follow.
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2.2. Newtonian model
It turns out that τ0 makes no significant contribution to the integral (1) for
log10 (Ω0/2) > −2.5 (the range we consider). With τ0 = 0 the integral (1) can be obtained
directly from a Newtonian model with the Poisson equation generalized to read as
∇
2Φ+ c2Λ = 4πGρ. (10)
The integral (1) follows from the integral of the energy along with the equation of continuity.
In this model
Ω0 = 5.32 10
28ρ0/h
2 (11)
where ρ0 is the Newtonian mass density in g cm
−3 and includes all species contributing to
the ”dust”.
3. The Diagram
3.1. Properties
Numerical integration of the integral (1) results in Figure 1. The ordinate y is 1.02ht0
and the abscissa log10(Ω0/2) where Ω0 is interpreted by relation (7) or (11). The range in x
shown covers all possibilities as x < −2.3 violates the primordial production of deuterium
and 3He. Note that Ω0 = 1 corresponds to x = −0.30. Level curves of constant λ are shown
as is the locus ǫ = 0. It is important to note that models which recollapse lie below Λ = 0
up to its intersection with ǫ = 0 and below the locus
27λΩ2
0
= 4(1− λ− Ω0 − τ0)
3 (12)
thereafter. For the range shown the locus (12) lies close to Λ = 0.
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3.2. Limits
Clearly y > 1.02ht∗ ≡ y∗ where t∗ corresponds to the oldest absolute age observed.
Given h, this may be viewed as an absolute bound on λ and ǫ over the range of x shown.
We choose to determine t∗ by the absolute ages of globular clusters.
According to Pierce et al. (1994)
h = 0.87± 0.07, (13)
and according to Freedman et al. (1994)
h = 0.80± 0.17. (14)
Chaboyer (1994) (see also Chaboyer et al. (1994)) gives
t∗ = 1.55± 0.4, (15)
whereas VandenBergh (1991) gives
t∗ = 1.65± 0.2. (16)
From the observations (13) and (14) with the ages (15) and (16) we find
y∗ = 1.36± 0.36 (17)
where we have weighted all opinions equally and quoted the standard deviation associated
with the sixteen extreme values. From Figure 1 and the estimate (17) we obtain the
following conclusions:
i) The universe will not recollapse,
and
ii) Λ > 0.
It should be noted that conclusion i) holds even if ǫ > 0.
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4. Discussion
It is common knowledge that a high value of h, given the ages of globular clusters,
would lead to Λ > 0. The purpose of this Letter is to make the argument, which is
independent of the value of Ω0, clear. There is a well known resistance to Λ on both
aesthetic and philosophical grounds, the latter being encapsulated by the argument that Λ
affects all matter but is affected by nothing (for example, Coles and Ellis (1994)). However,
one could also argue, on the basis of the Weyl-Lovelock theorem (Lovelock (1971)), that Λ is
an essential element of the underlying theory. This theorem states that in four dimensions
the most general symmetric tensor field Aij = 0 which is divergence free and constructed
out of the metric tensor and its first two (partial) derivatives is Aij = Gij + Λgij. We are
no more justified in dismissing Λ on the basis of its size (∼ few 10−56 cm−2 ) than we are
in dismissing quantum mechanics because of the value of Planck’s constant. However, if
Λ > 0, as the empirical evidence would suggest, a number of fundamental results in general
relativity (including the uniqueness theorems) will have to be reexamined.
We thank Brian Chaboyer for the estimate (15) and Dave Hanes for a preprint of
Freedman et al. 1994.
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Fig. 1.— The Tinsley diagram plotted with level curves of constant λ . The curves shown
correspond to λ = −3, − 2, − 1, 0, 1, 2, 3, 3.5, 4, and 5. The locus ǫ = 0 is also shown.
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